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Spherical voids and clusters in the stabilized jellium model
self-consistent Kohn—Sham calculations
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Abstract. The void formation energies in simple metals are calculated in the stabilized jellium
. model. The total energies of stabilized jellinm spheres mimicking small clusters of simple metals
are determined. The electronic structures are solved in both cases self-consistently within the
local density approximation for eleciron exchange and correlation. The planar surface energies
and the curvature energies aré extracted from the results. The stabilized jellium model is shown
to give a physically meaningful description of planar surfaces as well as surfaces with positive
or negative curvature. The results for voids and clusters are discussed using the so-called liguid
drop modzal and its generalization. They are used to estimate edge and step formation energies.

1. Introductio’i:

The jellium model, applicable to simple sp-bonded metals, has had an important role in the
dcyelopinent of theoretical surface physics [1-3]. It has also increased our understanding
of the properties of vacancies and voids in bulk crystals [4-6]. Recently, interest in surface
physics has shifted to more complex structures such as steps or adatom or vacancy islands
on surfaces (see [7} and references therein) and phenomena such as surface roughening
{see [8] and references therein) or faceting of finite surfaces. The ability of the jellium
model to provide insights into this kind of problem should be investigated.

The simple jellium model has, however, the deficiency that jellium is stable only at one
density. This is intrinsically related to the unphysical negative surface and void formation
energies at high jellium densities [1,4]. This deficiency has been comected from early
works by re-introducing the ions using pseudopotentials and perturbation theory [1,6],
or variationally [2,6]. Very recently, Perdew and co-workers [9], as well as Shore and
Rose [10], introduced the so-called ‘structureless pseudopotential® or ‘stabilized jellium’
model, which rectifies the drawbacks of the jellium model in an attractively simple manner.

The stabilized jellium model has been shown to reproduce quite reasonably the surface
energies of the simple metals [9-11). The model has also been applied to void formation
energies by Fiolhais and Perdew [12] and by Perdew and co-workers [13). 1t is shown in
these works that the model gives reasonable values for the vacancy formation energies for
alkali metals and for Al. However, the calculation by Perdew and co-workers {13] is not
based on self-consistent electron structure calculations for spherical voids, but on a Padé
approximation linking the small- and large-void radius regions. The large-void radius timit
is treated in the liquid drop moedel [14], in which the parameters are the surface energy and
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the so-called curvature energy. For the small-void radius limit Perdew and co-workers ose
perturbation and linear response theory, giving the expansion coefficients rigorously for the
vanishing void radius.

The purpose of this work is to calculate self-consistently the electronic structures and
total energies of voids in the stabilized jellium model. We use dengity functional theory
within the local density approximation (LDA) for electron exchange and correlation [15] and
solve numerically the ensuing Kohn—Sham equations. The self-consistent void formation
energies obtained put the conclusions by Perdew and co-workers [13] on a firmer basis.
Moreover, we extend the calculations to stabilized jellium spheres mimicking metal atom
clusters. Previous self-consistent approaches [16] have used the unstabilized jellium and
therefore the surface contribution to the total energy is unreliable. In this work we show
the feasibility of using the stabilized jellium model for the surface epergy of clusters. The
comparison of the total energies of these spheres with the liquid drop model predictions is
also interesting, due to the fact that the curvatures are now positive.

In this work we obtain self-consistent values for the coefficients of the liquid drop
model and for the Padé approximation. These coefficients, for example the planar surface
energy and the curvature energy, are needed in estimating the energies of complex surface
structures. As an application we consider the formation energy of a step on the Al{111)
surface.

The organization of this paper is as follows. In section 2 we describe the practical
features of the stabilized jellium model important for our appiications. In section 3 the
results for void and cluster surface energies are presented and discussed. Section 4 contains
the application to the step on the Al(111) surface and section 5 is devoted to conclusions.

2. Modet

In the stabilized jellium model, the spherical positive background profiles for voids (n})
and spheres (%) are

nl(r) = #8(r — R) (1)

and
nl(r) = AO(R —r) (2)

where i = 3/(4nr}) is the equilibrium bulk valence electron density, 9(r) is the usual
Heaviside step function, and R is the radius of the void or the jellium sphere. In these and
following equations atomic units (/me” = ap and me®*/h?) are used for the length and the
energy, respectively. We consider only neutral jellium spheres, so that the electron number
%n‘ R*7 must be an integer and the possible sphere radii for a given density 7 are limited
to certain values. For voids in jellium the sphere radius can be a continuous quantity due
to the infinite extent of the system.

The stabilization correction adds to the effective potentials for voids (V) and spheres

(Vi) the terms
AVou(r) = +7 %9(!2 ~r) 3)

and

. _d
AVE(r) = _"BJEEB(R —7) @)
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where € = fy+ € 1s the bulk energy per particle in a homogeneous electron gas, containing
kinetic energy (fo = 54} = 2(37%%)%°) and exchange and correlation energy (€xc)
contributions.

The positive background charge distribution and the stabilization correction determine
the Kohn—Sham equations to be solved. For simplicity, we use spherical electron densities
and the spin-independent LDA formalism (with identical spin-up and spin-down occupancies)
for ail spheres with open electron shells {while in [17] self-consistent calculations of small
stabilized-jellium spheres are based on the local spin-density formalism).

The density-functional total energy for a void can be used to calculate the void formation
energy £5. The equation needed in practice is the same as in the jellium modei given in [6].
We define the void surface energy per unit area o, as

Er
g = 47 RY’

&)

We also calculate the total energy E} for a stabilized jellium sphere and then define the
surface energy o per unit area for a sphere as

ES — (4r/3)R%(e + Ae€)

c _
Tr = 4 R2

(6

Above, the term subtracted from the total energy is the bulk energy of stabilized jellium
corresponding to the volume of the sphere with radius R; Ae = —2(z%3/r;) — fide/d7 is
the stabilization correction of the bulk energy, and z is the number of valence electrons per
atom. For the details about the stabilization correction see [9].

3. Void and cluster surface energies

First we consider voids and stabilized jellium spheres with R = ry = z'3r;, i.e. the Wigner—
Seitz radius. Thereby we obtain the monovacancy formation energies E; = 4rrr§a,‘; and
the cohesive energies 43'!!‘020',%. In this model the cohesive energy is the energy per sphere
needed to split the infinite stabilized jellium into non-interacting Wigner—Seitz spheres. This
energy is the total surface energy of one Wigner—Seitz sphere, and it is determined in this
work by a self-consistent calculation for an isolated stabilized jellium sphere. Perdew and
co-workers [14] showed, using the semiempirical liquid drop model, that this surface energy
explains the cohesive energies of mongvalent metals.

‘The results for vacancy formation cnergies and cohesive energies corresponding to the
rs and z parameters for several simple metals are collected in table 1 and compared with
experimental values. The agreement is surprisingly good for the monovalent alkali metals
and also quite fair for the trivalent Al. The calculated vacancy formation energies for the
divalent earth-alkaline metals are reasonable in comparison with the available experimental
values, but the calculated cohesive energies are too small. This reflects the fact that stabilized
jellium spheres with two electrons have a very stable closed shell structure with a relatively
low total energy, which leads to a small surface energy. The real earth-alkaline metal atoms
also have closed shell structures, but in the atoms the valence electron states have to be
orthogonal against the core electrons. This decreases the stability of the free atoms and
shifts valence charge out of the core region to the bond region of the metal. Both of these
effects increase the cohesive energy of the real metal relative to our model. It is interesting
to note that the semiempirical liquid drop model of Perdew and co-workers [14] gives, due
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to the absence of the shell effects, cohesive energies that are much too large for divalent
metals. The vacancy formation energies and the cohesive energies calculated in the Padé
approximation [13, 19,20} are also shown in table 1. The vacancy formation energies are
in a good agreement with our self-consistent values, whereas for the cohesive energy the
discrepancies are larger.

Table ). Monovacancy formation encrgies and cohesive energies per atom. 4w r?,s,‘.’u and

dmrial are the present theoretical values, whereas Ef, qtaken by [6]) and Econ [18] are the
corresponding experimental values. The results of the Padé approximation [13, 19, 20] are shown
in parentheses. All energies are in eV.

Metal (z,rs)  4rriol, Ef,  amrlel,  Eo

Li (1, 3.24) 0.37(0.37) 037  1.50(1.03) 163
Na (1, 3.93) 0.34 (0.33) 041 L1%0.82) 111
K (1, 4.86) 0.29(0.28) 0.3 0.89(0.66) 093
Rb (2, 5.20) 0.27(0.27) 027  0.82(0.59) 085
Cs {1, 5.62) 026 (024) 028 074054 080
Zn (2, 2.30) 0.74(0.77) — 1.19(2.18) L35
Mg (2, 2.65) 0.75(0.76) 0.84  1.16(1.87) 151
Caf2,327) 0.7000.69} 0.54 1.04(1.51) 1.84
Sr(2,3.57) 0.67(0.66) — 0.98(1.36) 1.72
Ba (2, 3.71) 0.65(0.64) — 0.95(1.30y 190
AL (3, 2.07) 1.02(1.06) 0.67  3.96(3.02) 339
Pb (4, 2.30) 1.37%(1.3%) 0.52 4573.16) 203

Table 2. Planar surface energy ¢ (meVagz) and curvature energy ¥ (meV a;‘) according
to [13] and [t1] and figure 1. The results of [13] arise from the approach of [12].

7 Y
Metal (ry)} Reference [13] Reference [11} Present work Reference [13] Present work
Al (2.07) 16.19 16.17 16.15 49.8 44.5
Na (3.93) 3.13 3.15% 3.14 9.84 9.54
Cs (5.62) 1.03 1.05 1.055 3.67 3.84

2 Recalculated for s = 3.93 from the value 3.01 given in [11] for r; = 3.99.

The void surface energies per unit area corresponding to the valence electron densities
in Al, Na, and Cs are shown in figure 1 as a function of the inverse of the void radius. The
circles denote the results of the self-consistent calculations and the straight lines correspond
to the two first terms of the large-R fit

o'(R) =0 — 4= + O(1/R). %)
IR

Abave, o and y are the planar surface energy and the curvature energy, respectively. Note
that we use here the argument R in parenthesis instead of the subscript R to distinguish the
continuously fitted functions from the discrete calculated data. In the equations below this
convention is also used for ¥ denoting the number of vacancies or atoms. In the liquid
drop model [14] only the first two terms of the expansion are considered. The values of the
parameters ¢ and ) obtained in this work for Al, Na, and Cs are given in table 2. There



Voids and clusters in the stabilized jellium model 9053

the planar surface energies & are compared with self-consistent results [11, 13} obtained
using a computer code for the semi-infinite stabilized jellium. Our extrapolations (figure 1}
are in good agreement with these. The small differences are probably of numerical origin.
The present self-consistent curvature energies ¥ are also compared with the results obtained
in [13] by employing the fourth-order gradient expansion for the kinetic energy [12]. Due
to the different approaches used in the present work and in [12,13] the values for ¥ are
somewhat different and this difference changes sign when the density of the stabilized
jellium decreases.

ag’ (meViag?h)

Ln
[
Z
B

1

Figure 1. Void surface energy oy against ro/R for ry = 2.99 (A}, 3.93 (Na} and 5.62 (Cs). The
full circles denote the results of the self-consistent calculations and the straight lines correspond
to linear large-R fits. The open circles correspond to monovacancies.

15 . , : ,

—
o=

ENERGY/AREA (meV/ay?)
(¥

r, (ag)

Figure 2. Surface energies of monovacancies, planar surfaces and single “atoms’ of stabilized
jellium. The open and full circles correspond Lo experimental vacancy formation [6] and cohesive
[18] energies, respectively. The open squares are the experimental planar surface energies of
molten alkali metals extrapolated to zero temperatwre [21].
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Figure 2 shows the surface energies per unit area for the planar surface, for the z =
1 monovacancy, and a single *atom’ {the sphere with R = rg) of stabilized jellium as a
function of the density parameter r;. The curves are compared with experimental points for
vacancy formationt and cohesive energies [ 18] of alkali metals. Moreover, the experimental
planar surface energies [21] of molten alkali metals extrapolated to zero temperature are
also shown. Note that oy < ¢ < o, reflecting the change of the curvature energy from
positive to negative when the surface changes from convex to concave, For a real lattice
this means that the number of broken bonds decreases. The theoretical and experimental
vacancy formation and cohesive energies are in good agreement, but the theoretical planar
surface energy curve lies remarkably below the experimental values, This discrepancy has
been explained to arise mainly from the increase of the surface energy due to atomic scale
corrugations {9, 11].

We note from figure 2 that the planar surface energy curve is closer to the curve
corresponding to the vacancy formation energy than that for the cohesive energy, ie.
(0 +0,)/2 > o. This means that extracting a sphere with radius ro from stabilized
jellium and leaving a hole behind costs, in addition to the energy due to the increased
surface area, a curvature contribution of 4:rr§(d,°n + o, —20) > 0.

Our data for the larger voids and spheres can be analysed in terms of the void binding
energy per vacancy and the cluster binding energy per atom. Thus, we consider a spherical
vacancy cluster of radius Ry = N'/ry and having formation energy 47 Ry oy, to arise
from N single monovacancies each having the formation energy 4rrio,%. The void binding
energy per vacancy is then

1
= ~A—{(4nr Ryoy — Namrlo)). (8)

This quantity vanishes by definition for ¥ = 1 (R} = rg). For N - oo it approaches
—4Jrr0 , the negative of the vacancy formation energy, because at this limit Opy —> O
and R2 /N — 0. Similarly, we define the cluster binding energy per atom as

i
w N
The latter equality is due to the cancellation of the bulk energy terms, as in the case of the
cohesive energy above. The cluster binding energy also vanishes for N=1, and for N — o0
it approaches ~—4:r1'r0 » the negative of the cohesive energy.

The void bmdmg cnergy per vacancy and the cluster binding energy per atom for
stabilized jellium with r, = 3.93 (Na) are plotted in figure 3 as a function of N~1/3, In the
figure the vacancy formation energy and the cohesive energy are found from the vertical axis
on the left. We show results for all clusters between N=1 and N = 20 and thereafter only
for closed shell clusters up to N = 306. The full squares and circles correspond to open
and closed shell clusters, respectively. The cluster data show oscillations as a consequence
of the shell structure, but their relative timportance in the total binding energy decreases
when the cluster size increases.

The broken and full curves in figure 3 are based on the different fits to the void data.

For example, if we use the liquid drop model, ie. equation (7), the void binding energy
per vacancy in (8) becomes

Ay = —(E%, — NE.) = —(4n R},0f, — Ndnriol). ¢

Amrd 2mr,
AY(N) = —4nroy) +N”§ ~ ARy + O/ R). (10)

1 The experimental data for vacancy formation energies are taken from [6].



Voids and clusters in the stabilized jellium model! 9055

0

-200

400f

.600]- Na = -'_‘,—‘ ‘-.‘_-.

800 g ]

1000F  4®  CLUSTERS

By, (meV)

o5 064 o8 o5 1.0

Figure 3. Void binding energy per vacancy (A}, in (8)) and cluster binding energy per
‘atom’ (A%, in (9)) in the stabilized jellium model. N is the number of vacancies or ‘atoms’,
respectively. Open circles correspond to voids. Full circles and squares refer to closed shell
and open shell spheres, respectively, The broken lines are oblained with terms up to the planar
surface energy in (10) and (11}, whereas for the broken curves the curvature contributions are
included. The full curves correspond to the generalized liquid drop model of (13).

The corresponding cluster binding energy per atom is then obtained by using the cohesive
energy instead of the vacancy formation energy and changing the sign of the curvature (or
the curvature energy), i.c.

2rry
Nl /3 NZ/3

The broken curves in figure 3 are obtained using these equations whereas the broken lines
correspond to the first two terms, the vacancy formation energy or the cohesive energy
and the surface energy. Firstly, we see that the cluster data approach the straight line at
the largest cluster sizes caiculated, the slope of which is determined by the planar surface
energy ¢. Secondly, the liquid drop model of (10) is quite accurate for the voids, Even in
the case of a monovacancy it causes an error of only about 10%. On the other hand, when
applied for clusters the relative deviation from the exact results for a given N is larger than
in the case of voids. If the liquid drop model of (10) is used to estimate the cohesive energy
anr? 0r» the error is about 30%.

It is possible to improve the simple liquid drop model of (7) by using more fitting
parasneters. For example, one can extend (7) to

A°(N) = —4nrics + o+ =y + O(1/R?. an

a’ — — L 8 3

0"(R) =0 = Lo+ s + OQ/R) (12)
(the extended liquid drop model). The determination of the parameter § is numerically
much more difficult than that of the parameters ¢ and y. According to our estimations
& is about 9, —45 and —40meV for Al, Na and Cs, respectively. The physical meaning
of & is that it describes the interactions between the different parts of the curved sorface.
Because 5 changes sign between Al and Na, this interaction seems to have a different type
of character for the high and low electron density systems. If a term corresponding to the
third termt on the right-hand side of (12) is added to the cluster binding energy per atom in
{11} the changes are very small.
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In the generalized liquid drop model proposed in [13] the void surface energy is given
by the Padé approximation as

(23

T = TR + (8ol B + (Bo/ B

(13)

The corresponding approximation o°(R) for the cluster surface energy is then obtained by
analytic continuation, i.e. by making the substitution  —+ —R. We have used the above
form with the values of o and B) = y /20 (table 2) obtained by the large-R fits and then
used all the data up to monovacancies to determine By and B3. The values of the parameters
for B,, B> and B3 are given in table 3 for Al, Na and Cs. The values for B; and B; differ
remarkably from those in [13]. It is evident that the differences in B, and Bj largely cancel
in the calculation of the void surface energies. The full curves in figure 3 correspond to
the generalized liquid drop model. The approximation joins smoothly the void results and
in the case of clusters it predicts the cohesive energy obtained from the calculation for the
Wigner-Seitz sphere to within 10%. In the case of Cs the generalized liquid drop model
with the present parameters also predicts the cohesive energy well, but for Al the agreement
is less satisfactory. This may be partly due to the insufficient accuracy with which we can
obtain the B> and B3 parameters in fitting the void energies.

Table 3. Parameters of the Padé fits (13) to the calculated void surface energies. The resulis
of [13] are shown in parentheses.

Metal By (ap) B; (ad) B3 (af)

Al 138 (1.54) 2.09 (1.39)  2.14 (1.09)
Na 1.52 (1.5 311 (4.42) 13.77 (8.88)
Cs 1.82 (1.78) 1,98 (7.06) 43.83 (25.55)

4. Edges and steps on surfaces

As an application of our results we discuss the total energy characteristics of edges and
steps on otherwise planar surfaces using the generalized liquid drop model similarly to {13].
The formation energy of an edge is the difference between the total surface energy for a
surface with the edge and the energy of the planar surface with equal area. The former
can be calculated using the local curvature R~! = (R + R;"), where R, and R; are
the principal curvature radii. We define the curvature-dependent surface energy o (R) for
the positive and negative curvatures with the help of the cluster and void surface energies,
respectively:

o (R) = o°(R) R>0 (14)
g(R) =d*(-R) R < 0. {15}

The edge formation energy is then [dAc(R). We apply this first to a quarter space of
stabilized jellium with a 90° edge and rounding radius r. The principal curvature radii
are r and oo and therefore R=! = 4r~!. As a consequence, the formation energy of a
rounded 90° edge per unit length is %rrrcr(Zr). Correspondingly, the formation energy of
the complementary 270° edge is 3wro(—2r). Then, izr[o(2r) +0(~2r) — 20] is the
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curvature contribution to the cleavage energy of the bulk stabilized jellium into a quarter
space and a three quarter space jellia with rounded edges.

A step on a surface is formed by a 90° edge and a 270° edge. The step formation
energy per unit length is then

[(r —4)r +hlo + inr[oQr) + 0(=2r) — 20] (16)

where £ is the height of the step. The first term in (16) is due to the increase of the surface
area and the second term is a curvature correction. As an example, we consider a monolayer
step on the AI(111) surface. Its height & = a//3, where a is the FCC lattice constant. Then,
using the maximum rounding r = A/2 (< rg) and the data from table 3, the step formation
energy per unit length is 40meVay f, In this case the curvature correction is less than
1meVag'. On the other hand, if we use for o(2r) the value of 26 meV ag? (instead of
21 meV az?) estimated from the self-consistent calculations for stabilized jellium spheres
with N = 3.-. 10, the resuiting step energy is 57meVay l, These two estimates bracket
the result of 45meV ag ! obtained by Scheffler and co-workers [7] with first-principles
calculations (using a lattice constant corresponding to r, slightly smaller than the 2.07 used
here).

5. Conclusions

In conclusion, we have determined the formation energies of voids in stabilized jellium by
calculating the self-consistent electron structures. The values of the planar surface energies
and the curvature energies are obtained. Moreover, we have calculated the electronic
structures and total energies of stabilized jellium spheres, mimicking small simple metal
atom clusters. In this work we have considered different analytic expansions for the surface
energtes of spherical voids and clusters and determined the expansion coefficients. In
principle, it is possible to extend the theory beyond the spherical shape in order to have a
more realistic description of specific vacancy agglomerates or atomic clusters with facets,
edges and comers. Also in these cases, analogously to the spherical case, the basis would
be expansions in terms of characteristic dimensions of the void or the cluster, with well
defined expansion coefficients.

In this work we have shown by self-consistent calculations that the stabilized jellium
model gives physically meaningful results for the energetics of planar surfaces as wel! as of
negatively or positively curved surfaces. In the case of alkali metals even the quantitative
agreement with experiments is good. The generalized liquid drop model explains void
formation energy data and it gives, apart from effects due to shell structure, a reasonable
description for the total energies of small metal clusters.

Finally, our application to the formation energy of a step on the Al(I111) surface
demonstrates that simple models based on the stabilized jellium picture can provide insight
into the structural properties of real surfaces.
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